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SOME PROPERTIES OF STARLIKE FUNCTIONS 
WITH RESPECT TO (j,k) SYMMETRIC CONJUGATE 
POINTS 


C. SELVARAJ, G. THIRUPATHI AND S. STELIN 


ABSTRACT. In the present paper, we introduce new subclasses of 
starlike functions with respect to (j, k) symmetric conjugate points. 
Some interesting properties for these clases are obtained. 


1. INTRODUCTION 


Let H be the class of functions analytic in the open unit disc U = 
{z €C: |z| < 1}. Let H (a,m) be the subclass of H consisting of func- 
tions of the form f (z) = z + am412™ t! + am422®”? +-->. 

Let 


(1.1) Am= i EHT QZ) = ZF äm E üm I s 3 
and let A = Aj. 


We denote S* by the familiar subclass of A consisting of functions 
which are starlike in U. 

Let f(z) and g(z) be analytic in U. Then we say that the function 
f(z) is subordinate to g(z) in U, if there exists an analytic function w(z) 
in U such that |w(z)| < |z| and f(z) = g(w(z)), denoted by f(z) < 
g(z). If g(z) is univalent in U, then the subordination is equivalent to 
f(0) = g(0) and f(U) C g(U). 

Also, a function f € A is called strongly starlike of order a, a € (0, 1] 


aF) fit" 
f(z) l-z} © 
The class of all such functions is denoted by S* (qa). 


Let k be a positive integer and j = 0, 1, 2,...(k —1). A domain D 
is said to be (j, k)-fold symmetric if a rotation of D about the origin 


if 
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through an angle 277/k carries D onto itself. A function f € A is said 
to be (j, k)-symmetrical if for each z € U 


(1.2) flez) =’ f (2), 
where € = exp(27i/k). The family of (j, k)-symmetrical functions will 
be denoted by Fj. 

The class of (j, k)-symmetrical functions [3] was extended to the 
class (j, k)-symmetrical conjugate functions in [5]. For fixed positive 
integers j and k, let fo;,.,(z) be defined by the following equality 


a3. fox =— > kear F(Z], (fF EA). 


If v is an integer, then the following identities follow directly from 
(1.3): 


k—1 


K-A renea 
(1.4) i as 
fog a2) = ap D [EF ez) te PED), 
v=0 
and 
(1:5) falz) Se" fp), fo) = Jorn); 


fo; g(E"2) = oo RN Poe) = farre): 
2. DEFINITIONS AND PRELIMINARIES 
We define the following: 


Definition 2.1. A function f € A is said to be in the class S2;,x if and 
only if it satisfies the condition 


zf' (2) ) 
2.1 Re >0, zeU. 
ey) G (z) 
Definition 2.2. The function f € A is called a — conver, a € R if 


(2.2) Re a-o) a ta ee | \)] >0, (Eü: 


The class of all such functions is denoted by Ma. 








In this paper we shall determine a sufficient condition for starlikeness 
with respect to (27, k) symmetric conjugate points. In addition, we find 
the images of certain subclasses of S5;,,(a) under the integral operator 
I: A—> A, I(f)= F where, 
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(2.3) F (z) = yr [te (g(t) g' (t) dt, 


c > 0 and g € A is a given function. If we let 7 = 1, then the 
class S2;,,(a@) reduces to Sž. The function class S* was introduced by 
H.S.Al.Amiri in [1]. 


Lemma 2.1. [4] Let m > 1 be an integer and 

(2.4) p(z)=1+pm2z™ + pmpiz™ +--+, z2EU 

be analytic in U. If the function p is not with positive real part in U, 
then there is a point zo E€ U such that p(zo) = is, zop'(zo) = t, where 


—m(1+s?) 
2 





s,t are real andt < 


Lemma 2.2. [1] If f E€ Am satisfies 





<14+-, zeU, 














Pi). god zf' (z) 
then for all z € U, REF > 5 ond |( F ) -1 <1. 


Lemma 2.3. [2] Let a € (0,1]. For c = 0 suppose that g € S*(1 — a), 
while g E€ Mije, for c > 0. If the function f € A satisfies 
ror 
g (z) f(z) \l-2 


then the function F defined by (2.3) is also in A, He) #0 forze U 


and 
g(z) EY (e)  (1+2\° 
g (z) F(z) \l-z 
Lemma 2.4. [4] Let P (z) be analytic function in U with ReP(z) > 0, 


z E€ U, and let h be a convex function in U. If p is analytic in U with 
p0) = h(0), then 











p(z) + P (z) zp' (z) < A(z) 
implies 
p (2) < h (2). 
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3. MAIN RESULTS 


Theorem 3.1. Let f € Am, M > 2, and let n be a positive integer. If 


m?— 1 


f” (2) 
Sj. (z) 





(3.1) , z € U, 


4m 








where faj, (z) is defined by (1.3), then f € Szj,k. 


Proof. From (1.4) and (3.1), we deduce that 














EVI TAKAN (ez) m2 fh 
fa |7 m’ 
and 
Cae fu (erz) m2 —] 
Soy, (z) 4m 








Let v = 0,1,2,...4 — 1 in the above inequalities and summing them, 
we get 


2 

— 1 
gni. geU 

4m 


fak (2) 
Sj. (z) 











Since (m? — 1) /4m < 1+m/2, then Lemma 2.2 can be applied to fo;, x 


to deduce, in particular, ete #0 for z € U. 
Let 


_ 2f' (2) 
p (z) ai foi.k (z)’ 


to show that Rep(z) > 0. Since f and fo; are in Am, so p has the 
form (2.4) for m > 1. In addition, 


a ~ as [P0490 (ey) 








Assume p is not with positive real part in U. Then by Lemma2.1, 
there is a point z € U such that p(zo) = is, zop'(zo) = t, and t < 
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ol 


—m (1 + s*) /2. Using Lemma2.2 for fo;,,, we obtain 

















zo f” (zo) l os (a > ) 
CoC oar ei 
1 
o > 5 (lt — Isl) 
1 (/m(1+s?) 
>i (2-51) 
m? —1 
> 3 
T Am 











which contradicts the hypothesis(3.1). Hence f € Saj, p- 





Theorem 3.2. Suppose a € (0,1], c > 0 and n > 1 is an integer. Let 
g € Szjk (1 — a) be a function with the power series expansion 


n+1 2n+1 ie 


g (2) = z + q12"™ + gaz s 
z € U, where all the coefficients gj are real. In addition, suppose 
that g E€ Mije for c > 0. Conider the integral operator I: A > A, 


I(f)= F, where F is given by (2.3). If 
soft). (142)" 


g' (2) fag, % (2) l-z 


g) Fi(z) (; =) 
g' (2) Faj, (2) =g 

where faj,k and Fo; are the functions associated with f and F as given 

by (1.8), respectively. 


(3.3) 





then 





Proof. From(2.3) one can easily write, 





c+ 1 i c-l oy =: 
F(z) = — f (xz) (g (xz) (Lz g (xz) x dz. 
(2) GEF h (xz) (g (xz) /x2) (xz) 
From the expansion form of g (z), it folllows that 
Ae aes c+1 | ae cl =) 
—e IF (ez) = = E f (erz xz) /zz zz) z dz, 
spe TED | g IE alea) e) (ez) 
and 
1 








vj Fs Ctl ae | a c—1 y c—1 
— E" F (erz) = ES z] zE f (xz) (g (xz) fae) g (xz) dz. 


Let v = 0,1,2,...k—1 in the above equations, from (1.3) and summing 
them, we get Fo;,, = I (fa;,~). Replacing z by e”z and then by €”Z, 
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v =0,1,2,...k—1 in (3.3) and using the relations (1.4) and (1.5) and 
also the fact that 
g (e"z) = €” g (z) , g (E7) = e” g (2), g' (2) = g' (2), 9 (€°2) = g' (2). 
We deduce the relation 
Oa (1y 
I (2) foie (2) ksa 
Applying Lemma(2.3) to the above, we get 


ea (GER) e 








where 


G (z) = g (z) /zg' (2). 





Let 
G (z) zFzj k (2 a 
(3.5) P(z)=G(z) ( = oa 


From (3.4) and the fact that g E€ Sə; (1 — a), one can easily deduce 
from (3.5) that 
ReP(z) > 0. 

= (2) F'(2) 
gz z 

p(z) = Ea A 

9! (2) Faj,r (2) 

Lemma(2.3) shows that p(z) is analytic in U. Hence multiplication of 
(2.3) by g° and differentiating the new equation we obtain 


(3.6) G (z) zF" (z) +cF(z) = (c+ 1)f(z) 
and 
(3.7) G (2) 2F 95,4 (2) + CF; e(z) = (c + 1) f23,x(2) 


Substituting in (3.6), G(z)F’(z) = p(z) Fo;,4(z) then differentiating the 
new equation and using (3.7) to get 


p(z) + P (z)zp' (2) = = 
(3.8) 





where P(z) is given by (3.5) with ReP(z) > 0. Applying Lemma (2.4) 
o (3.8), we get 


Rep(z) = Re 
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